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Abstract
A two dimensional string effective action is obtained by dimensionally reducing the
bosonic part of the ten dimensional heterotic string effective action. It is shown that this
effective action, with a few restrictions on some backgrounds describes a two dimensional
model which admits an infinite sequence of nonlocal conserved currents.
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The string theory is endowed with a very rich symmetry structure. Recently, the study
of target space symmetries such as global O(d, d) transformations including T-duality and
S-duality, have attracted considerable attention [1-8]. The invariance of the string effective
action under O(d, d) symmetry, for the time dependent backgrounds corresponding to string
cosmological scenario, was shown in ref [2] and subsequently the O(d, d) transformation was
applied to generate new cosmological backgrounds [3,4] satisfying the equations of motion.
In a more general setting, when the backgrounds are independent of d ’internal’ cordinates
which are toroidally compactified, the dimensional reduction technique can be employed to
derive the effective action as was carried out by Schwarz and the author [6]. It was shown
that the reduced action, thus derived can be cast in a manifestly O(d, d) invariant form.
The effective action in four spacetime dimensions has further interesting features. The field
strength of the antisymmetric tensor is dual to the axion whenD = 4, D being the number of
spacetime dimensions. Then, the dilaton and the axion can be combined to define a complex
field. The equations of motion associated with the four dimensional action are invariant
under an SL(2, Z) transformation of this complex field when the appropriate transformation
rules are defined for other background fields as well. However, the effective action is not
invariant under this SL(2, Z) transformation, although the equations of motion are. Thus
the four dimensional theory, obtained by the dimensional reduction, is not only invariant
under globalO(d, d) transformation but also is invariant under SL(2, Z) transformation. We
may mention in passing that whereas T-duality is a subgroup of the O(d, d) transformation
the S-duality is that of the SL(2, Z) alluded to above.
It has been observed [9-11] recently that the three dimensional string effective action,
dimensionally reduced from the ten dimensional heterotic string effective action, possesses
even a larger symmetry. It has been pointed out by Sen [9] that when the ten dimensional
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theory is compactified on a seven dimensional torus the resulting target space duality group
is O(7, 23;Z) as is expected. The target space duality group and the strong-weak coupling
duality transformations combine into the group O(8, 28;Z). Thus we see that the four
dimensional theory has O(d, d) and SL(2, Z) symmetry and the three dimensional theory
has a larger symmetry group which incorporates both these symmetries. Recently, it has
been demonstrated that if the metric, antisymmetric tensor field and the dilaton of a four
dimensional effective action depend on two of the four spacetime coordinated then the
resulting theory has an enlarged symmetry. Bakas has shown that the dimensionally reduced
theory has a symmetry which is infinitesimally identified with the O(2, 2) current algebra
[12]. The integrable property arises due to the presence of two commuting Killing vectors.
Furthermore there is, again, an intimate relation between the S-duality and T-duality.
It is well known that two dimensional theories have several novel features and possess
rich symmetry structure. One of the important attributes of a large class of two dimensional
models is the integrability property and several of these models admit infinite sequence of
nonlocal conserved currents in the classical analysis. These conservation laws might not
survive when one considers quantum theory; however, the classical theories have attracted
considerable attention in the past.
The purpose of this note is to consider an string effective action in two spacetime
dimensions. For sake of definiteness we consider the ten dimensional tree level effective
action of the heterotic string with graviton, antisymmetric tensor and the dilaton as the
background field. This action is dimensionally reduced to two dimensions following the
procedure adopted by us [6]. It is expected that the two dimensional reduced action will
have interesting symmetry properties. Indeed, the theory is endowed with an infinite number
of nonlocal conserved charges. This is our main result. The rest of the paper is organised
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as follows: First we recall the essential results of Maharana and Schwarz [6] to derive the
two dimensional effective action. Then, the coset reconstruction of the effective action is
discussed. It is essential to go over to this formulation to demonstrate the existence of
nonlocal conserved currents ( NCC ). Then we explicitly construct these currents and show
the conservation laws following appropriate techniques.
Let us recall how one derives the string effective action. If we consider the evolution of
the string in the background of its massless excitations and require that the first quantised
world sheet action respects conformal invariance, then the β-functions associated with the
backgrounds must vanish. In other words,these conditions turn out to be the equations of
motion to be satisfied by the backgrounds to ensure conformal invariance of the theory. The
tree level string effective action, involving only the massless excitations, can be constructed
in such a way that corresponding equations of motion of this effective action exactly coincide
with the vanishing of the β- functions.
Let us consider the bosonic part of the tree level effective action for the heterotic
string where the set of massless background fields are graviton, antisymmetric tensor and
the dilaton. In what follows, we recapitulate the results of ref.6. The effective action in
Dˆ = D + d dimensions (Dˆ = 10 for the present case ) is,
Sˆ =
∫
dDˆx
√
−gˆe−φˆ[Rˆ(gˆ) + gˆµˆνˆ∂µˆφˆ∂νˆ φˆ− 1
12
Hˆµˆνˆρˆ Hˆ
µˆνˆρˆ
]
. (1)
Hˆ is the field strength of antisymmetric tensor and φˆ is the dilaton. Here we have set all the
nonabelian gauge field backgrounds to zero. We consider the theory in a spacetime M ×K,
where M is D dimensional space and the coordinates on M are denoted by xµ whereas K
has d dimensions and yα are the coordinates of this submanifold. When the backgrounds
are independent of the ‘internal’ coordinates yα, α = 1, 2..d and the internal space is taken
4
to be torus, the metric gˆµˆνˆ can be decomposed as
gˆµˆνˆ =
(
gµν + A
(1)γ
µ A
(1)
νγ A
(1)
µβ
A
(1)
να Gαβ
)
, (2)
where Gαβ is the internal metric and gµν , the D-dimensional space-time metric, depend on
the coordinates xµ. The dimensionally reduced action is,
S =
∫
dDx
√−ge−φ
{
R+ gµν∂µφ∂νφ− 1
12
HµνρH
µνρ
+
1
8
tr(∂µM
−1∂µM)− 1
4
F iµν(M−1)ijFµνj
}
. (3)
Here φ = φˆ− 1
2
log detG is the shifted dilaton.
Hµνρ = ∂µBνρ − 1
2
AiµηijF jνρ + (cyc. perms.), (4)
F iµν is the 2d-component vector of field strengths
F iµν =
(
F
(1)α
µν
F
(2)
µνα
)
= ∂µAiν − ∂νAiµ , (5)
A
(2)
µα = Bˆµα +BαβA
(1)β
µ (recall Bαβ = Bˆαβ), and the 2d× 2d matrices M and η are defined
as
M =
(
G−1 −G−1B
BG−1 G−BG−1B
)
, η =
(
0 1
1 0
)
. (6)
The action (3) is invariant under a global O(d, d) transformation,
M → ΩTMΩ, ΩηΩT = η, Aiµ → ΩijAjµ, where Ω ∈ O(d, d). (7)
5
and the shifted dilaton, φ, remains invariant under the O(d, d) transformations. We mention
in passing that M → M−1 under the duality transformation which is a generalisation of
R → 1
R
duality. Note that M ∈ O(d, d) also and MT ηM = η. The background equations
of motion can be derived from the reduced action. The classical solutions of the string
effective action correspond to different string vacua and are given by solutions for M ,F
and φ. Thus, when one obtains a set of backgrounds satisfying the equations of motion
they correspond to a vacuum configurations of the string theory. One can generate new
background configurations by implementing suitable O(d, d) transformations on a known
solution.
Let us consider the effective action in two spacetime dimensions. We note that the
term corresponding to the field strength of the antisymmetric tensor field, Bµν , does not
contribute in 1 + 1 dimensions. We assume that the dilaton φ = constant; this assumption
is made to simplify the calculations. One can redefine the action suitably for nonconstant
dilaton as has been adopted by Bakas. Next, we set the abelian field strength to zero from
now on. Then the action given by (3) takes the form
S =
∫
d2x
√−g
{
R+
1
8
tr(∂µM
−1∂µM)
}
. (8)
We note that the kinetic energy term for φ does not appear in the above equation. Since
we are considering two dimensional spacetime, we can choose the spacetime metric gµν =
eα(x,t)ηµν . Here ηµν is the flat diagonal spacetime metric = diag (−1, 1) ( not to be confused
with the O(d, d) metric ). Since the Einstein term of the action in two dimensions is a
topological term it does not contribute to the equations of motion. Thus the equations of
motion associated with the matrix M is of primary importance to us. The present form of
the action is not the most suitable one to derive the infinite set of NCC. Thus we rewrite the
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above action in a slightly different form following the approach of Maharana and Schwarz
[6].
The matrix M introduced in equation (6) can be expressed as
Mij = (V
TV )ij = δ
ABVAiVBj (9)
The matrix V that produces desired M-matrix is
V =
(
E−1 −E−1B
0 E
)
(10)
where E is a d × d vielbein satisfying ETE = G. Moreover, V is also an O(d, d) matrix
since V T ηV = η . We would like to construct an action which is manifestly invariant under
the global O(d, d) symmetry and local O(d)⊗O(d) symmetry transformation. The desired
Lagrangian density is
L = 1
4
ηijηAB(DµV )Ai(D
µV )Bj (11)
Here V is an arbitrary O(d, d) matrix and not of the special form given by eq.(9). Since
the O(d, d) metric η is off-diagonal form, it is not very convenient to handle the covariant
derivatives appearing in the Lagrangian above. We can easily go over to the O(d, d) metric
which has d diagonal +1 entries d diagonal −1 entries; denoted by σ. The transformation
matrix , ρ that takes us from η basis to the σ basis is given by
ρ =
1√
2
(
1 −1
1 1
)
, and, σ =
(
1 0
0 −1
)
(12)
Now the matrix V gets rotated to W = ρTV ρ. Recall that V T ηV = η since V belongs to
O(d, d), the analogous condition satisfied by W is WTσW = σ. The covariant derivative
7
acting on W fields is defined to be
(DµW )Ai = ∂µWAi + ωµABσ
BCWCi (13)
where the O(d)⊗O(d) gauge fields ωµ are given by
ωµ =
(
ω
(1)
µ 0
0 ω
(2)
µ
)
(14)
The Lagrangian density, expressed in terms of the W fields, takes the form
L = 1
4
σijσAB(DµW )Ai(D
µW )Bj (15)
The gauge fields are antisymmetric in their internal indices. Notice that the kinetic energy
term for the gauge field does not appear in the Lagrangian and therefore, their equations
of motion are merely constraint equations. Thus the gauge fields can be expressed in terms
of WAi as
ωµAB =
1
2
(WAi∂µW
i
B − ∂µWAiW iB) (16)
Now, substituting the expression for the gauge fields in the Lagrangian and using the specific
form of V matrix in that Lagrangian one shows that the corresponding action is equal to
1
8
tr(∂µM
−1∂µM). This proves that the moduli G and B parametrise an O(d,d)
O(d)⊗O(d)
coset
[6,13].
The equations of motion associated with the fields WAi are
(DµDµ)ABW
i
Cσ
BC −W kCσCDW iD(DµDµ)ABσBEWEk = 0 (17)
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As is evident i, j, k.. are the O(d, d) index and A,B,C.. are the O(d)⊗O(d) indices. Some
care must be exercised in deriving the equations of motion since W is a matrix satisfying
the constraint WTσW = σ. Therefore, the equations of motion for the W fields are not
just the free field equations.
We proceed to define an O(d, d) gauge potential which will play a crucial role in deriving
the set of conserved currents. Define
Aµij = 1
2
(WAiDµABWBj −WBjDµABWAi) (18)
The covariant derivative appearing here is the same as the one defined in eq.(13). We define
another covariant derivative in terms of the new gauge potential Aµ as
Dµ = ∂µ +Aµ (19)
There are two important properties satisfied by Aµ
∂µAµ = 0 (20)
is satisfied onshell; that is when the fields satisfy equations of motion. Furthermore, the
curvature associated with Aµ vanishes:
[Dµ,Dν ] = 0 (21)
Now we are in a position to demonstrate the existence of the nonlocal conserved currents
[14-16]. The proof is by induction. Let us assume that the nth conserved current, J
(n)
µ ,
exists. Thus the current ( since we are considering two dimensional spacetime) can be
expressed as
9
J (n)µ = ǫµν∂
νχ(n) (22)
and the current is conserved by construction. Notice that J (n)(x, t) and χ(n)(x, t) carry
O(d, d) indices ij and are matrix valued objects; we suppress the indices here and every-
where. The next level current J
(n+1)
µ is constructed as follows:
J (n+1)µ = Dµχ(n), n ≥ 0 (23)
Let us choose χ(0) = 0. Then the first current
J (1)µ = Dµχ(0) = Aµ (24)
This current is conserved by the equations of motion for Aµ, eq.(20). Now we would like
to show that the (n + 1)th current constructed by the ansatz eq.(22) is conserved and the
proof proceeds as follows:
∂µJ (n+1)µ = ∂
µDµχ(n) = Dµ∂µχ(n) (25)
The last equality holds due to the fact that [∂µ,Dµ] = 0 as a consequence of the equation
of motion eq.(20). Note, however that, ∂µχ(n) = ǫµνJ
(n)
ν from eq.(22) and we can use the
relation
J (n)ν = Dνχ(n−1), n ≥ 1 (26)
in eq.(23) to arrive at
∂µJ (n+1)µ = ǫ
µνDµDνχ(n−1) (27)
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The right hand side of the equation vanishes since Aµ is curvatureless. Thus we have shown
that the current J
(n+1)
µ is conserved and we can construct an infinite sequence of conserved
nonlocal currents through this procedure.
There are conserved charges Q(n) associated with each current and the charge is the
space integral of the time component of the current
Q(n) =
∫ +∞
−∞
dxJ
(n)
0 (x, t) (28)
For example,
Q(1) =
∫ +∞
−∞
dxA0 (29)
whereas the second charge has the form
Q(2) =
∫ +∞
−∞
dxD0χ(1) (30)
since J
(2)
0 can be related to χ
(1) through eq.(23). Thus,
Q(2) = −
∫ +∞
−∞
dxJ
(1)
1 (x, t) +
∫ +∞
−∞
dxJ
(1)
0 (x, t)
∫ x
−∞
dx′J
(1)
0 (x
′, t) (31)
The first term in (31) arises from the relation ∂0χ
(1) = −J (1)1 and the second term comes
from the product A0χ(1) and χ(1) can be written as an integral over J (1)0 as is evident from
eq.(22). We can compute all other conserved charges in following this prescription.
Thus far we have constructed the NCC in terms of WAi which belongs to O(d, d).
However, the fields appearing in the string effective action correspond to special form of V
given by eq.(10). Thus the relevant W takes the following form
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W =
1
2
(
E−1 +E − E−1B E − E−1B
E − E−1 + E−1B E + E−1 + E−1B
)
(32)
Therefore, all these currents can be ultimately expressed in terms of the moduli G and B.
There are several comments in order at this stage. We have demonstrated that the
two dimensional reduced string theory admits an infinite sequence of conserved nonlocal
currents. In the case of the heterotic string where one includes the U(1)16 Abelian gauge
fields in the ten dimensional effective action the the scalars parametrise the coset O(8,24)
O(8)⊗O(24)
for two dimensional spacetime. It obvious that the technique adopted here can be extended
to construct the currents for the moduli of the heterotic string as well. The antisymmetric
tensor field does not contribute to the two dimensional action. However, we made an
assumption that the dilaton takes a constant value which simplified our calculations to
some extent. If the dilaton carries spacetime dependence, how does it affect our results
? We note that for nonconstant dilaton the factor e−φ will appear in front of the kinetic
energy term of the M-matrix. We can redefine the M-matrix as was done by Bakas when he
studied the effective two dimensional action. However, on this occasion, conditions given by
eq.(20) and (21) cannot be satisfied simultaneously for a single vector potential constructed
from W field. These two relations were crucial in this work to construct the set of NCC.
Therefore, the present technique will not be useful to construct such currents. On the other
hand, past experiences with supersymmetric nonlinear σ-models show that it might be still
possible to obtain an infinite sequence of such currents. In the case of supersymmetric
σ-model the vector that is curvatureless is not conserved and the one which is conserved is
not curvatureless; nevertheless, it is possible to obtain a Lax pair and construct an infinite
set of nonlocal conserved charges [16]. Another important issue is whether these classical
conservation laws are valid in the quantised theory since anomalies might creep in when we
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define the currents with an appropriate normal ordering prescriptions. We hope to report
our results on some of these problems in future.
To conclude, we have demonstrated the existence of an infinite set of nonlocal conserved
current for the action under consideration.
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